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In this paper, we derive and evaluate a demodulation scheme in code division multiple access (CDMA)
systems, which adaptively estimates hyperparameter (such as noisy channel property) based on Bayesian
inference method. To avoid the computational diﬃculty from Bayesian inference, we resort the approxi-
mation which is known as belief propagation. We evaluate the performance of the proposed demodulation
scheme using statistical mechanics.
We consider the basic model: N-user direct-sequence binary phase-shift-keying (DS/BPSK) CDMA
channel model using random binary spreading codes of the spreading factor P with perfect power control
over an additive white Gaussian noise (AWGN) channel. For simplicity, we assume that, in the base
station, the user’s signal powers are perfectly controlled to unit energy and the chip timing are also fully
synchronized. Under these assumption, the received signal can be expressed as yt =
 N
i=1 ηt
iξi + νt,
where t ∈{ 1,2,...,P} and i ∈{ 1,2,...,N} are indices of chip and user numbers, ξi ∈{ − 1,1} is the
information bit for user i in the chip interval that is focused on, ηt
i ∈{ − 1,1} is the spreading code
randomly generated from Prob(ηt
i = ±1) = 1/2, and νt denotes the white Gaussian noise N(0,σ2
s).
We assume that the user’s information bits are independently generated from the unbiased distribution,
P({ξ})=2 −N. These implies that the posterior distribution from the received signals is provided as
P({ξi}|{yt},σ2
s)=
 
t P(yt|{ξi},σ2
s)P({ξi})
 
s
 
t P(yt|{ξi},σ2
s)P({ξi})
, (1)
where P(yt|{ξi},σ2
s)= 1 √
2πσ2
s
exp
 
− 1
2σ2
s
 
yt −
 N
i=1 ηt
iξi
 2 
. In the current system, the signal to noise
ratio is deﬁned as Eb/N0 = αN/(2σ2
s), where α = P/N is called the spreading rate. For later statistical
mechanical analysis, we also deﬁne the βs = N/σ2
s.
The purpose of multiuser detection is to detect user’s signals ξ1,ξ 2,...,ξ N from received signals
y1,y 2,...,y P simultaneously. In the general scenario of the Bayesian inference, “the marginal-posterior-
mode (MPM)” ˆ ξi =s i g n ( mi), where mi =
 
s siP({s}|{yt},σ2), is known as the optimal demodulation
scheme that minimizes the bit error rate (BER) PBER = 1
N  1−
 N
i=1 δ(ξi, ˆ ξi)  ,w h e r eˆ ξi is an estimator
of ξ and   ·   denotes the average over {ξ}, {νt} (We use the parameter {si} corresponding to original
bits {ξi}. Since we usually don’t know the noise power of the channel σ2
s in advance, it is appropriate to
write the parameter σ2 instead of σ2
s.). Although MEM demodulator leads to computational diﬃculty,
this can be approximately solved by using belief propagation (BP) [3].
However, the optimal demodulation requires the true knowledge about hyperparameter (i.e. true
value of Gaussian variance, σ2
s), which is essentially unknown in advance. In the conventional Bayesian
framework, the optimal hyperparameter estimation is performed by maximizing the likelihood. Fol-
lowing this, we employ the maximum likelihood (ML) estimation ˆ σ2 =a r g m a x σ2 P({yt}|σ2),w h e r e
P({yt}|σ2)=
 
s P({yt}|{si},σ2)P({si}). Unfortunately, the computational cost for exact evaluation of
both the marginal probability and the likelihood increases exponentially with respect to the number of
users N, which implies that one has to resort to an approximation in practice. We therefore introduce
“Thouless-Anderson-Palmer(TAP)’s free energy” [3], in which the BP based demodulation algorithm is
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1corresponding to the ﬁxed point;
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Our proposed detection scheme is ﬁnally obtained as
mi =t a n hβ

hi −
 
j =i
wijmj +
αmi
1+β(1 − 1
N
 
i m2
i)

,β =a r g m i n
β
FTAP({mi},β)( 3 )
where wij = 1
N
 P
i=1 ηt
iηt
j and hi = 1
N
 P
t=1 ytηt
i.
The solution of Eq. (3) corresponds to the ﬁxed point of the TAP free energy (2), which implies that
the minimum state of FTAP can be characterized by
P({mi},β) = lim
γ→∞
1
Z
e
−γFTAP({mi},β), (4)
where Z denotes the normalized constant, Z =
 
i
  1
−1 dmi
  ∞
0 dβ exp[−γFTAP({mi},β)].
We evaluate the free enery of the distribution (4); F = − 1
N  lnZ   which is known as the cumulant
generator function and carries all statistical information of this system. However, the dependence of
lnZ on {ξi},{νt} and {ηi} is quite complicated and it is not easy to calculate the average   ·  .U s i n g
the replica method, which utilize the relation   Z   = limn→0
1
N
∂
∂n ln  Zn  , and evaluates analytically
continuing the expressions of   Zn   obtained for n =1 ,2,... to n ∈ R, we can examine the typical
performance that can be obtained the proposed detector. Solving the equations numerically for several
parameter set, we found that the solutions can classiﬁed into two categories depending on the noise
power βs (Fig. 1). Our analytical results which, in conjunction with numerical experiments, indicate that
the proposed scheme provides excellent demodulation performance close to the optimal one that can be
achieved when the true hyperparameter is known [1, 2].
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Figure 1: Bit-error rate of the proposed demodulation scheme for the noise power βs = 4 (left) and
βs = 16 (right). The line denotes the theoretical predictions for the proposed detector , and gives close
agreement with the dashed line which denotes the performance of the Bayes optimal detector with the
true hyperparameters. The marks denote the simulation results in the case of N = 1000 and 2000 trials.
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